Abstract. We are given a finite set of m points (guards) G in the plane R 2 and an angle 0 ≤ Θ ≤ 2π. A Θ-cone is a cone with apex angle Θ. We call a Θ-cone empty (with respect to G) if it does not contain any point of G. A point p ∈ R 2 is called Θ-guarded if every Θ-cone with apex located at p is non-empty. Moreover, the set of all Θ-guarded points is called Θ-region. We first show how to construct a data structure of O(m log 2 m) time and space such that in time O(log 3 m) we can compute whether some point p ∈ R 2 is Θ-guarded. As a main result of our work we describe the Θ-region with only O(m/Θ) circular arcs and show a way to compute it.
Introduction
Illumination and guarding problems have been a popular topic of study in Mathematics and Computer Science for several decades. One instance in this class of problems is the classical one posed by Victor Klee : How many guards are necessary, and how many are sufficient to patrol the paintings and works of art in an art gallery with n walls? While this particular problem has been solved shortly after by Chvatal proving a tight ⌊ n 3 ⌋ bound, many other variants in this problem class have appeared in the literature, see e.g. [12] for a general survey of the topic.
On one hand, people have restricted the allowable 'floor plans', i.e. special classes of polygons like orthogonal polygons, or looked at the problem of guarding a set of buildings from the outside. Kahn et al. have shown for example [8] , that any orthogonal polygon with n vertices can be guarded with ⌈ n 4 ⌉ guards, and ⌈ n 4 ⌉ are sometimes necessary. Fejes Toth [7] has shown that for any family {S 1 , . . . , S n } of n disjoint compact convex sets in the plane, one can guard the boundaries of the sets by 4n − 7 guards in the complement of S 1 ∪ · · · ∪ S n and sometimes that many guards are necessary. Common to these results is the fact that they all try to minimize the number of guards while maintaining the 'guarding condition'. Some other people looked at the problem where the number of guards is given and the optimization problem is to search for their location in order to guard as much as possible (see e.g. [9] ). In this paper, however, we consider the guarding problem with fixed number of guards with fixed positions in the plane, but concentrate rather on mathematical description and computation of the guarded area.
Consider the following model motivated by Abellanas et al. [1] : We are given a finite set of points (guards) G in the plane R 2 . A Θ-cone is a cone with apex angle Θ. We call a Θ-cone empty (with respect to G), if it does not contain any point of G. A point p ∈ R 2 is called Θ-guarded (with respect to G), if every Θ-cone with apex located at p is non-empty. Abellanas et al. [1] showed how to test in O(n) time if a query point p is Θ-guarded. The set of all Θ-guarded points is called Θ-region. We consider Θ-cones and the Θ-region as closed sets.
The rationale behind the model we use is that some point is well-guarded only if it is guarded from all sides. For example, imagine that guards are cameras placed in the football stadium such that the complete football field is Θ-guarded. Then, every situation that happens during the match will be covered from all directions.
Our contribution
In Section 2, we show how to preprocess a set of m guards in O(m log 2 m) time and space such that for any point p ∈ R 2 we can compute in O(log 3 m) time if the point p is Θ-guarded.
After some general observations, in Section 3 we describe what the boundaries of Θ-regions for different constants Θ look like and how they can be computed. In case of Θ ≥ π we present an easy and efficient O(m log m) algorithm. If Θ < π the problem becomes much more involved and the boundary of the Θ-region more complex to understand. We mathematically describe the Θ-region as the union of the intersection of O(m/Θ) different circular arcs and show how to compute it in O(m 2 log 3 m) time. Our algorithm is based on computing the arrangement of linearly many different circular arcs.
Θ-Guarding n Points
We are given set G of m guards and the angle Θ. Any set P of n points in R 2 is Θ-guarded if each point p ∈ P is Θ-guarded. In this section we introduce a method to compute whether set P is Θ-guarded in O(n log 3 m) time after precomputing the set of guards G into a data structure of O(m log 2 m) size and precomputation time.
Along the idea of Abellanas et al. [1] , around every point p ∈ P we partition the set of guards with the fan of (Θ/2)-cones (see Figure 1, left) 3 . To check whether set P is Θ-guarded, for each point p ∈ P we distinguish three cases. First, if all fan-cones are non-empty, the point p is Θ-guarded. Second, if two consecutive fan-cones around p are empty, point p is not Θ-guarded. And third, there are empty fan-cones but no two consecutive cones are empty. In the last case, we can neither assert that the point p is not guarded nor guarded. But instead we can spread each empty fan-cone until it touches guards in the neighboring cones (see Figure 1, Fig. 1 . Example of the fan of (Θ/2)-cones in p for Θ = π/2; a cone is highlighted (left).
To find out the angle of the empty cone, we spread cone until it touches guards from neighboring cones (middle). Example of sorted guards according to the angle (right).
then Θ, we know that the point p is guarded. In the following, we show how to preprocess the set of guards G in O(m log 2 m) time such that for every point p in P we can check whether p is Θ-guarded or not in additional O(log 3 m) time. For each fan-cone the idea is to derive new coordinates for all g ∈ G based on the set V = {v, w} of normals of the lines forming the cone 4 . For convenience we assume that the Θ/2 ≤ π/4. If this is not the case we could always subdivide the desired cone into a constant number of smaller cones. We set the new first and second coordinate of a guard g = (g 1 , g 2 ) to be g 
That is, we can determine guards within a query cone (of fixed orientation) using a nested range query for points of the form [p
For this, we build a 1-dimensional range tree on the first coordinate of guards. Each internal node stores the guards in its respective subtree as a 1-dimensional range tree on the second coordinate. With every internal node u of the second level of our tree hierarchy, we compute and save the convex hull of the guards in the batch associated with u (see Figure 2 ). Note that the space and the time for such a modified range tree data structure is O(m log 2 m). The result (a set of guards) for the query cone in the first tree is returned in O(log m) batches, we query each of these batches according to the 2nd coordinate to obtain all guards within the cone of p in O(log 2 m) batches. For any query cone with apex in point p, let g max and g min denote the guards inside the cone such that g min is the first and g max is the last guard according to the angle order (see Figure 1 , right). Now, we are ready to obtain the following Lemma:
We are given a set G of m guards in the R 2 and the angle Θ. We can preprocess G in a data structure in O(m log 2 m) time and space such that for any set P of n points in R 2 we can compute in O(n log 3 m) time whether the set P is Θ-guarded. Proof. We build 2π (Θ/2) many range query data structures, one for each fan-cone. Hence, for a point p ∈ P we can answer in O(log 2 m) time whether some cone from the fan is empty. If the cone is empty, we can spread the cone to g min and g max of the neighboring cones as follows: note that pg min (and similarly for pg max ) must be the tangent to one of the O(log 2 m) convex hulls precomputed on batches belonging to the cone. Since finding the tangent from a single point to some convex polygon can be done in time O(log m) by binary search [4] , the total time to process the point p sums up to O(log 3 m). ⊓ ⊔
Finding the Θ-Guarded Region
We start with some observations. A point p ∈ R 2 does not belong to the Θ-region, if there is an empty Θ-cone with apex p. Hence, no point inside an empty cone can belong to the region, and hence, the region can not contain holes. A point p lies on the boundary of a Θ-region, if all Θ-cones with apex p are non-empty, and at least one of them contains no point of G in the interior. Since we treat cones as closed, every p ∈ G belongs to Θ-region independent of Θ; our constructions concentrate on finding the nontrivial boundary. The example in Figure 3 shows that a region can contain several 2-faces, if 0 < Θ < π. The shapes of all Θ-regions can be grouped according to Θ. The boundary of the π-region is just the convex hull ch(G), because the intersection of all half-planes containing G (convex hull) is the same than removing every half-plane from R 2 that does not contain any point of G (π-region). However, for 0 < Θ < π, empty (convex) Θ-cones can enter the convex hull through the edges, while for π < Θ < 2π the apexes of empty (concave) Θ-cones do not even have to touch the convex hull (see Figure 4) . Therefore, the Θ-region is connected, if π ≤ Θ. Trivially, the 0-region is G and the 2π-region is the plane R 2 . Before we present an algorithm to find the Θ-region for 0 < Θ < π in Section 3.2, we discuss the simpler case π < Θ < 2π.
Region for Θ > π
As already discussed (cf. Figure 4) , for Θ > π every point in the convex hull interior of G is Θ-guarded. Intuitively, Θ-region can be described by rotating the Θ-cone clockwise around the convex hull ch(G) such that two rays defining Θ-cone always tangentially touch ch(G). The following algorithm computes the boundary of Θ-region. We first compute the clockwise sequence of guards I = {g 1 , . . . , g k } defining ch(G). Formalizing the intuition given above, we construct an algorithm that outputs circular arcs defining the boundary of Θ-region as follows. We identify all pairs (g i , g j ) ∈ I × I with g i = g j , for which there exist a Θ-cone that tangentially touches the convex hull in g i and g j , and has an apex outside the convex hull. We say that apex of Θ-cone can "see" the polygonal chain from g i to g j . Such a pair (g i , g j ) will always have the property that the lines supporting convex hull edges (g j , g succ(j) ) and (g pred(i) , g i ) form an angle not greater than Θ and lines supporting (g i , g succ(i) ) and (g pred(j) , g j ) form an angle greater than Θ. It is easy to see that sequence of all such pairs (g i , g j ) and the corresponding circles defined by g i , g j and the apex of Θ-cone that tangentially touches ch(G) in g i and g j can be computed making a simple scan over the sequence I. Circular arcs defining the Θ-guarded region can now be easily computed intersecting each circle with neighboring circles in the computed sequence.
The running time of the algorithm is dominated by the O(m log m) convex hull construction time. Hence, we can state the following Lemma Lemma 2. The boundary of the Θ-region for Θ > π can be computed in time O(m log m).
Region for Θ < π
Here we give a mathematical description of the Θ-region for 0 < Θ < π, its correctness proof and an algorithm that computes the boundary of the region.
Observations and definitions
The idea is to start with the convex hull ch(G) and locally remove sets U i of unguarded points from ch(G) such that the remaining part matches the Θ-region (see Figure 4 , middle), i.e. we aim for
for specific sets U i . To be able to give a construction for the sets U i we need the following observations. We must only consider empty Θ-cones with apex inside ch(G). They have the property that each such empty cone intersects exactly one edge of ch(G).
We extensively use the following property about inscribed angles. Given a circular arc C u,v from u to v, then ∠upv = ∠uqv holds for all p, q ∈ C u,v (see be any pair of guards. Then the set of points where we can place the apex of an empty Θ-cone passing through the line segment (u, v) in the same direction is bounded by the circle incident to u and v having inscribed angles Θ, and its chord uv. We denote the bounding circular arc with C . Because of the orientation, the circular segment is described uniquely.
We extend our notation. Let γ := inf{α | Θ < α, D α e ∩ G = ∅}. Then the circular segment D γ e will not contain any point of G in its interior (see Figure 5 , right). We also writeD e (resp.Ĉ e ) instead of D γ e (resp. C γ e ), whenever we are not interested in γ itself. If D e does not contain points of G, then D e =D e . Let △abc be a Delaunay triangle of G. Then the disk incident to a, b, c will not contain any point of G in its interior and its bounding circle matches the bounding circle of the circular segmentsD a,b ,D b,c andD c,a . That is the reason why we concentrate on the Delaunay triangulation in the following.
Let E ⊂ G × G be the edge set of the Delaunay triangulation of G and c be an empty Θ-cone with apex inside ch(G), then we denote the set of all Delaunay edges, that are intersected by c with E c = {(u, v) ∈ E | c ∩ (u, v) = ∅}. Note that c can intersect an edge only in its interior. We call two empty Θ-cones c 1 and c 2 equivalent iff E(c 1 ) = E(c 2 ) (see the part of the Delaunay triangulation that is intersected by a given empty cone c. End points of edges of E c lie either to the left or right of the rays of c. In the order from the apex towards the boundary of the convex hull, L = (l 0 , l 1 , . . . , l h ) denotes the sequence of end points of E c to the left; R = (r 0 , r 1 , . . . , r h ′ ) denotes the sequence to the right. The edge (l 0 , r 0 ) is then closest to the apex of c among all edges of E c . Then the cone c lies in the tunnel that is bounded to the left and right by the polygonal chains that are defined by L and R, the hull edge (l h , r h ′ ), and the circular arcĈ l0,r0 around the apex (see Figure 6 , middle). We close with the observation that we can always eliminate points from the sequence L (resp. R), that form a right-turn (resp. left-turn) with its predecessor and successor, because these points could never be incident to the cone c. We call the new tunnel reduced (see Figure 6 , right).
Construction of the sets U i Now, we can state the idea precisely: for every equivalence class we want to determine a region U i that has to be removed from ch(G). Hence, the index set I in Formula (1) enumerates over equivalence classes.
Let c be any empty Θ-cone with apex in ch(G) as studied above. For c and all cones equivalent to c, we will remove the part
i.e. we remove points that lie in the circular segments D l,r for all edges of the complete bipartite graph with vertex sets L and R.
Lemma 3.
There exists an empty Θ-cone with apex p passing through the tunnel that was used by the construction of
Assume there is no such cone. This means that there is at least a pair (l, r) ∈ L × R with the property ∠lpr < Θ. Hence p ∈ D l,r which is a contradiction. (Only if.) Let c be such a cone. This means that ∠lpr ≥ Θ for all (l, r) ∈ L × R, and hence p lies in all corresponding circular segments D l,r . Assume p ∈D l0,r0 . This would either contradict the assumption that (l 0 , r 0 ) is the closest Delaunay edge to p in E c , or the triangulation is locally not Delaunay.
⊓ ⊔
With the lemma above we can now validate our construction.
Lemma 4. Formula (1) describes the Θ-region of G.
Proof. (Subset.) Let p ∈ Θ-region. Assume there is an i ∈ I such that p ∈ U i . Then Lemma 3 would state that there is an empty Θ-cone with apex at p contradicting the assumption. (Superset.) Let p ∈ Θ-region. Then there exists an empty Θ-cone c with apex p. Let U i be the intersection of circular segments that belongs to the empty Θ-cones equivalent to c. Then Lemma 3 states p ∈ U i . ⊓ ⊔ Complexity. Following from Formula (1) and Formula (2) the complexity of the Θ-region is hidden in
Trivially the complexity of the Θ-region is O(m 4 ) since its boundary is included in an arrangement of at most O(m 2 ) many different circular arcs, where m = |G| is the number of guards. Now we show that the set C of circular arcs defining the circular segments in Formula (3) is of size O(m/Θ).
We first show that the intersection of |L| · |R| disks D l,r in Formula (2) is by far too pessimistic and can be replaced by the intersection of |L| + |R| disks that belong to a certain subset F ⊂ L × R, i.e. Lemma 5. There is a subset F ⊂ L × R of size at most |L| + |R|, such that Lemma 3 still holds.
Proof. Let L and R be the guards that bound a reduced tunnel. We consider only empty Θ-cones passing this tunnel that touch at least a point of L and a point of R on its boundary. Let c be the cone that is turned counterclockwise the most (see Figure 7 , left). Imagine we turn the cone clockwise while pushing it towards the tunnel such that it always touches two points l ∈ L and r ∈ R (see Figure 7 , middle). We collect all these pairs (l, r) in F . Observe that the touching point of L (resp. R) can only change in one direction to its neighbor in the sequence of L (resp. R), leading to a set of size at most |L| + |R|. The "only if" part of Lemma 3 is trivially true for any subset F . The "if" part is true for F , since the assumption, that there is a pair (l, r) ∈ L × R \ F with ∠lpr < Θ, would contradict the construction of F . The construction in the proof of Lemma 5 actually leads to a sequence of circular arcs B t starting in r k ′ and ending in l k (see Figure 7 , right) that is drawn by the apex of the empty Θ-cone in the plane for a tunnel t. Moreover, only the tunnels for which there exist an empty Θ-cone that touches at least a point of L and a point of R on its boundary at the same time are the ones that are important for the boundary of the Θ-region. Hence, in the rest of the section we will only argue for those tunnels t i and their corresponding U i := Proof. During the construction of the sequence B t , every end point of an arc in B t appears exactly when two guards lie on one ray of the cone and one on the other (see Figure 8, left) . Hence, the guard g that is closest to the apex on the ray containing the two guards counts to at most one end point, for a given reduced tunnel. Moreover, the number of different tunnels (or different equivalence classes) through which an empty Θ-cones can reach q is bounded by ⌊ 2π Θ ⌋ since any two empty cones with apex q, that belong to different equivalence classes, have disjoint interior.
It is not difficult to see that the overall complexity of sets U i will stay linear.
Note that the boundary of the Θ-region is completely contained in the union of the boundaries of sets U i , for all tunnels t. In the special case, for the angle Θ larger than π/2, the complexity of the Θ-guarded region will stay linear.
Theorem 2. The complexity of the
Proof. Kedem et al. [10] proved that if any two boundaries of m closed Jourdan curves intersect in at most two points then the complexity of their union is O(m). Along the line of that theorem we will consider each U i as bounded by the closed Jourdan curve corresponding to the sequence of arcs B ti between some guards a and b of U i and the circular edge C Θ a,b . We show that each intersection ∂U i ∩ ∂U j for any two different tunnels t i and t j cannot have more than two points of intersection.
Assume the intersection ∂U i ∩ ∂U j contains more then two points of intersection. We distinguish the following four cases as in Figure 9 . Let B ti (resp. B tj ) denote the sequence of circular arcs of U i (resp. U j ). In the Case 1, the sequence of circular arcs B ti and B tj intersect in a point p. Note that there must exist two empty cones with apex in p for both tunnels t i and t j . Therefore the angle ∠apb has to be at least 2Θ. Hence for Θ ≥ π/2 the angle ∠apb ≥ π what is a geometrical contradiction. The same argumentation holds for Case 2.
In Case 3 consider a point p that lies on the sequence of arcs B tj outside of U i as shown in Figure 9 . The angle ∠cpd is at least Θ. By construction the angle ∠apb is larger than ∠cpd and hence ∠apb ≥ Θ. It is a geometrical contradiction that p is not contained in U i .
For the last case, consider an empty cone with apex c through tunnel t j . Assume this cone passes between a and b. Then the angle ∠acb is at least Θ and hence c has to be contained in U i . This is a contradiction. There is a symmetric argumentation for tunnel t i . In case that tunnel t j (resp. t i ) does not pass between a and b (resp. c and d) similar easy geometric contradictions can be shown.
⊓ ⊔
The difficulty in the complexity analysis of the Θ-region for Θ < π/2 appears when arguing about complexity of the union of sets U i (see Formula (3)), since it is not clear that the intersection the boundaries ∂U i ∩ ∂U j is a constant. Even for fat convex objects 5 (it can be shown that the sets U i are Θ-fat) this is a necessary property needed for bounding the union complexity (see Efrat and Sharir [6] ).
Algorithm. Now we discuss how to actually compute the set C of linearly many circular arcs that describe the boundary of the Θ-guarded region given by Formula (3) in O(m 2 log 3 m) time. Furthermore, we show how to compute the boundary of the Θ-region from the set C in additional O(m 2 log 3 m) time. Note that the set C consists of all possible circular arcs for which there exist a pair of guards each lying on one of the rays defining the empty Θ-cone. More precisely, for each guard g ∈ G we would like to detect the situation from our counting argument (see Figure 8 , right) and add C Θ gmin,gr , C Θ g,gr and C Θ g l ,gmax , C Θ g l ,g to the set C. Given a data structure introduced in Section 2, for each guard g ∈ G we can detect each empty Θ-cone with apex in g, if there is any, after spreading the cone until it touches g min and g max of the neighboring cones. Recall that this can be done in time O(log 3 m) for each guard g, after constructing the data structure of O(m log 2 m) preprocessing time and space (see Lemma 1) . If the angle of the spread cone ∠g max gg min ≥ π, guard g will lie on a convex hull. Hence, the interesting case for us is only if Θ < ∠g max gg min < π. Note that by fixing the line through gg min we can find point g r (see Figure 8 , right) by simply inspecting all guards in G, and similarly for we can find g l for the line through gg max . Hence, we can state the following Lemma, Lemma 6. The set C can be computed in O(m 2 log 3 m) time.
Let us now discuss how to compute the Θ-guarded region from the set of circular arcs C. For each connected component of the Θ-region the algorithm
